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SUMMARY 
A s p e c i a l i z e d ,  m i c r o s t r u c t u r a l  l a t t i c e .  model, termed MCFET f o r  combined 
Monte C a r l o  F i n i t e  Element Technique, has been developed which s imu la tes  mic ro-  
s t r u c t u r a l  e v o l u t i o n  i n  m a t e r i a l  systems where modulated phases occur  and t h e  
d i r e c t i o n a l i t y  o f  t h e  modu la t i on  i s  i n f l u e n c e d  by i n t e r n a l  and e x t e r n a l  s t r e s s e s .  
I n  t h i s  approach t h e  m i c r o s t r u c t u r e  i s  d i s c r e t i z e d  o n t o  a f i n e  l a t t i c e .  Each 
element i n  t h e  l a t t i c e  i s  l a b e l l e d  i n  accordance w i t h  i t s  m i c r o s t r u c t u r a l  iden-  e 
a3 
N t i t y .  D i f f u s i o n  o f  m a t e r i a l  a t  e l e v a t e d  tempera tures  i s  s imu la ted  by a l l o w i n g  
m exchanges of n e i g h b o r i n g  elements i f  t h e  exchange lowers the  t o t a l  energy of 
A t h e  system. A Monte C a r l o  approach i s  used t o  s e l e c t  t h e  exchange s i t e  w h i l e  
t h e  change i n  energy a s s o c i a t e d  w i t h  s t r e s s  f i e l d s  i s  computed u s i n g  a f i n i t e  
element techn ique .  
The MCFET a n a l y s i s  has been v a l i d a t e d  by comparing t h i s  approach w i t h  a 
c losed- fo rm,  a n a l y t i c a l  method fo r  s t r e s s - a s s i s t e d ,  shape changes o f  a s i n g l e  
p a r t i c l e  i n  an i n i f i t e  m a t r i x .  Sample MCFET ana lyses  f o r  m u l t i p a r t i c l e  prob-  
l e m s  have a l s o  been r u n  and i n  genera l  t h e  r e s u l t i n g  m i c r o s t r u c t u r a l  changes 
a s s o c i a t e d  w i t h  the  a p p l i c a t i o n  of an e x t e r n a l  s t r e s s  a re  s i m i l a r  to  t h a t  
observed i n  N i - A l - C r  a l l o y s  a t  e l e v a t e d  tempera tures .  
INTRODUCTION 
S ince  many o f  t h e  p h y s i c a l  p r o p e r t i e s  o f  m a t e r i a l s  a re  de termined by 
m i c r o s t r u c t u r e ,  i t  i s  i m p o r t a n t  t o  be a b l e  t o  p r e d i c t  and c o n t r o l  m i c r o s t r u c -  
t u r a l  development. Recen t l y  a m i c r o s t r u c t u r a l  l a t t i c e  model ( r e f s .  1 and 2 )  
has been developed which can i n  p r i n c i p l e  i n c o r p o r a t e  a l l  r e l e v a n t  d r i v i n g  
forces and k i n e t i c  c o n s i d e r a t i o n s  i n  a s i n g l e  s i m u l a t i o n .  U n l i k e  m o l e c u l a r  
dynamics, t h i s  approach was developed s p e c i f i c a l l y  to  p r e d i c t  macroscopic 
behav io r ,  n o t  a t o m i s t i c  b e h a v i o r .  
The e s s e n t i a l  e lements o f  t h i s  approach c o n s i s t  o f  mapping t h e  cont inuum 
m i c r o s t r u c t u r e  o n t o  a d i s c r e t e  l a t t i c e  and d e f i n i n g  i n t e r a c t i o n s  and dynamics 
f o r  t h e  l a t t i c e  p o i n t s  which a re  analogous t o  those i n  a cont inuous  system. 
Each l a t t i c e  s i t e  i s  ass igned a l a b e l  which corresponds t o  t h e  m i c r o s t r u c t u r a l  
i d e n t i t y  o f  t h a t  s i t e .  The e v o l u t i o n  o f  t h e  m i c r o s t r u c t u r e  i s  governed by t h e  I 
a p p r o p r i a t e  dynamics and t h e  r e l e v a n t  d r i v i n g  f o r c e s .  Nonconserved dynamics I 
( r e f .  3 )  a p p l i e s  t o  systems i n  which t h e  i n t e r n a l  energy i s  dependent on param- 
e t e r s  which a re  n o t  conserved d u r i n g  t h e  tempora l  e v o l u t i o n  o f  t h e  system, 
w h i l e  conserved dynamics ( r e f .  4 )  a p p l i e s  when s a i d  parameters a re  conserved.  
I n  t h e  former ins tance ,  dynamical  e v o l u t i o n  i s  c o n t r o l l e d  by a Monte C a r l o  p ro-  
cedure i n  which a s i t e  i s  randomly s e l e c t e d  and i t s  l a b e l  changed t o  one o f  t h e  
o t h e r  a l lowed l a b e l s ,  i f  t h e  energy o f  t h e  system i s  lowered.  I n  t h e  l a t t e r  
i n s t a n c e ,  dynamical e v o l u t i o n  i s  c o n t r o l l e d  by a Monte C a r l o  p rocedure  i n  which 
a p a i r  o f  n e i g h b o r i n g  s i t e s  i s  randomly s e l e c t e d  and t h e i r  l a b e l s  exchanged i f  
the  energy of t he  system i s  lowered.  
I n  the  p resen t  paper a f u r t h e r  re f inement  o f  t h e  l a t t e r  approach, termed 
MCFET f o r  combined Monte C a r l o  F i n i t e  Element Technique, i s  developed s p e c i f i -  
c a l l y  t o  model m a t e r i a l s  t h a t  c o n t a i n  modulated phases where the  d i r e c t i o n a l i t y  
o f  t h e  modu la t ion  i s  s t r o n g l y  i n f l u e n c e d  by t h e  a p p l i c a t i o n  o f  an e x t e r n a l  
s t r e s s ,  an example b e l n g  t h e  N i - A l - C r  a l l o y  s y s t e m .  I n  t h i s  approach a f i n i t e  
element techn ique i s  used t o  c a l c u l a t e  t h e  s t r a i n  energy a s s o c i a t e d  w i t h  i n t e r -  
na l  and e x t e r n a l  s t r e s s  f i e l d s ,  w h i l e  m i c r o s t r u c t u r a l  e v o l u t i o n  i s  c o n t r o l l e d  
u s i n g  a Monte C a r l o  p rocedure  which employs conserved dynamics. 
The f i r s t  h a l f  o f  t h i s  paper desc r ibes  t h e  d e t a i l s  o f  t h e  MCFET approach, 
w h i l e  t h e  second h a l f  of t h e  paper i s  devoted t o  sample MCFET s i m u l a t i o n s  o f  
i n c r e a s i n g  c o m p l e x i t y .  
MCFET APPROACH 
To model m i c r o s t r u c t u r a l  changes v i a  t h e  MCFET approach an n x n two- 
d imens iona l  g r i d  u t i l i z i n g  square e lements was employed. For a r e a l i s t i c  
a n a l y s i s  a t y p i c a l  va lue  f o r  n c o u l d  be as h i g h  as 100. The s p a t i a l  i d e n t i t y  
o f  each element ( l a t t i c e  s i t e )  i n  t h e  g r i d  i s  u n i q u e l y  de f i ned  by a g l o b a l  num- 
b e r i n g  scheme d e p i c t e d  i n  f i g u r e  1 .  Each e lement  a l s o  has a chemical  or m ic ro -  
s t r u c t u r a l  i d e n t i t y  which serves t o  de f ine  t h e  shape, d i s t r i b u t i o n ,  and volume 
f r a c t i o n  o f  a l l  phases p r e s e n t  i n  t h e  m i c r o s t r u c t u r e .  For a two phase m ic ro -  
s t r u c t u r e  each element I n  t h e  g r i d  would be a s s o c i a t e d  w i t h  phase P ( p r e c i p i -  
t a t e )  or phase M ( m a t r i x )  as shown i n  f i g u r e  1 .  
A s  p r e v i o u s l y  ment ioned,  m i c r o s t r u c t u r a l  changes w e r e  mode l led  i n  t h e  
p r e s e n t  a n a l y s i s  u s i n g  an approach which i s  o f t e n  r e f e r r e d  t o  as conserved 
dynamics. I n  t h i s  approach m i c r o s t r u c t u r a l  e v o l u t i o n  occu rs  by exchanges o f  
n e i g h b o r i n g  s i t e s  and t h e r e f o r e  t h e  t o t a l  number o f  e lements i d e n t i f i e d  w i t h  
phase P and M i n  t h e  a fo rement ioned g r i d  remain c o n s t a n t .  
exchange p a i r  i s  chosen a t  random and t h e  success or f a i l u r e  o f  t h e  exchange 
i s  governed by the  change i n  energy .  An exchange which lowers  t h e  energy o f  
the  system i s  accepted,  o t h e r w i s e  t h e  exchange i s  r e j e c t e d .  
The l o c a t i o n  o f  t h e  
A s  t h e  s i z e  o f  t h e  Monte C a r l o  g r i d  i s  f i n i t e ,  t he  e x t e r n a l  su r faces  or 
boundar ies o f  t he  g r i d  pose a d i l ema i f  t h e  problem o f  i n t e r e s t  i s  one i n  which 
b u l k  behav io r  dominates,  as i n  t h e  case of an " i n f i n i t e "  s o l i d .  To e l i m i n a t e  
these su r face  e f f e c t s ,  p e r i o d i c  boundary c o n d i t i o n s  were used i n  t h e  p resen t  
a n a l y s i s .  I n  t h i s  approach t h e  Monte C a r l o  g r i d  appears i n f i n i t e ,  a l t hough  
p e r i o d i c ,  as elements on t h e  upper boundary a r e  cons idered n e a r e s t  ne ighbors  
o f  elements on the  lower  boundary w h i l e  e lements on t h e  r i g h t  boundary a re  con- 
s i d e r e d  neares t  ne ighbors  o f  e lements on t he  l e f t  boundary. 
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The energy c r i t e r i a ,  which determines t h e  success o f  an exchange, w i l l  be 
c o n f i n e d  t o  t h r e e  components i n  t h e  p r e s e n t  a n a l y s i s ;  t h e  i n t e r f a c i a l  or 
su r face  energy,  t he  mechanica l  or s t r a i n  energy o f  an e l a s t i c  s o l i d ,  and t h e  
thermal  energy.  The i n t e r f a c i a l  energy i s  d i r e c t l y  p r o p o r t i o n a l  t o  the  t o t a l  
su r face  a rea  ( p e r i m e t e r  i n  t h i s  two-dimensional  a n a l y s i s )  a s s o c i a t e d  w i t h  t h e  
i n t e r f a c e  between phases P and M .  The mechanica l  energy  a r i s e s  from s t r a i n s  
generated i n  t h e  s o l i d  by e x t e r n a l l y  a p p l i e d  loads  and i n t e r n a l  m i s f i t  s t r a i n s  
when coherent  p r e c i p i t a t e ( s >  a r e  p resen t ,  as i n  a m u l t i p h a s e  m i c r o s t r u c t u r e .  
The c a l c u l a t i o n  o f  t h e  mechanica l  energy te rm for an a r b i t r a r y  m i c r o s t r u c t u r e  
encountered i n  such an a n a l y s i s  i s  d i f f i c u l t  i f  n o t  imposs ib le  t o  a t t a i n  v i a  
c l a s s i c a l  e l a s t i c i t y ,  however, such c a l c u l a t i o n s  a r e  c o n c e p t u a l l y  q u i t e  e a s i l y  
a t t a i n e d  u s i n g  f i n i t e  e lement  techn iques ,  and as p r e v i o u s l y  s t a t e d ,  w i l l  be 
used i n  t h e  p r e s e n t  approach. The thermal  energy te rm,  kT, i s  d i r e c t l y  p ropor -  
t i o n a l  to  the  tempera ture  of the  s o l i d ,  T.  The s i g n i f i c a n c e  o f  the  thermal  
energy i s  dependent on t h e  r a t i o  E/kT, where E = Esur face  + E s t r a i n  i s  t h e  
change i n  i n t e r n a l  energy f o r  a g i v e n  exchange. When E/kT < <  0 t h e  p r o b a b i l -  
i t y  o f  a success fu l  exchange i s  h i g h ,  b u t  when E/kT > >  0 t h e  p r o b a b i l i t y  o f  a 
success fu l  exchange i s  low. If E/kT i s  near  z e r o  t h e  exchange p r o b a b i l i t y  
i s  near  0.5. Computa t i ona l l y ,  t h i s  i s  a t t a i n e d  by  a c c e p t i n g  an exchange i f  
[ l  - TANH(E/kT>1/2 i s  g r e a t e r  than a random number between 0 and 1 . .  
Before l e a v i n g  t h e  genera l  d i s c u s s i o n  concern ing  t h e  c a l c u l a t i o n  o f  t o t a l  
energy,  i t  shou ld  be no ted  t h a t  s c a l i n g  of these t h r e e  energy components r e l a -  
t i v e  t o  one another  i s  o f t e n  the  most d i f f i c u l t  p a r t  o f  the  problem. I n  many 
ins tances ,  exper imenta l  da ta  for sur face t e n s i o n  or e l a s t i c  p r o p e r t i e s  o f  i n d i -  
v i d u a l  phases a r e  q u e s t i o n a b l e  or n o n e x i s t e n t ,  so one can o n l y  approx imate  or 
assume va lues  for these p h y s i c a l  cons tan ts .  Changes i n  these parameters can 
p r o f o u n d l y  a l t e r  t h e  outcome of t h e  MCFET a n a l y s i s  as t h e  dominant energy te rm 
changes. Th is  p o i n t  w i l l  be examined i n  more d e t a i l  l a t e r  i n  t h i s  paper .  
The concept  of a t i m e  sca le  i n  most l a t t i c e  models i s  r e l a t e d  t o  t h e  
number o f  exchanges. I n  t h i s  paper one monte c a r l o  t i m e  s tep ,  MCS, w i l l  be 
d e f i n e d  as n squared a t tempted  exchanges where n i s  t h e  s i z e  o f  t h e  n x n 
monte c a r l o  g r i d .  
F I N I T E  ELEMENT STRESS ANALYSIS 
A l though f i n i t e  e lement  techn iques  can be a p p l i e d  t o  t h e  p r e s e n t  p rob lem 
w i t h o u t  g r e a t  d i f f i c u l t y ,  t h e  enormous number o f  exchanges to  be cons ide red  i n  
a r e a l i s t i c  a n a l y s i s  would r e q u i r e  an i m p r a c t i c a l  amount o f  computer t i m e  t o  
c a l c u l a t e  t h e  mechanical  energy te rm ove r  t h e  e n t i r e  monte c a r l o  g r i d  f o r  e v e r y  
exchange. There fo re  one m u s t  dev i se  a scheme which l i m i t s  t h e  computa t ion  t i m e  
per  exchange. I n  t h e  p r e s e n t  a n a l y s i s  t h i s  i s  accompl ished by  c o n f i n i n g  t h e  
s t r e s s  a n a l y s i s  t o  a smal l  r e g i o n  cen te red  about  t h e  exchange s i t e  and c a l c u -  
l a t i n g  the  mechanical  energy te rm o f  t h i s  s m a l l e r ,  l o c a l  g r i d  b e f o r e  and a f t e r  
t h e  exchange. The va lue  o f  such an approach i s  t h a t  w h i l e  t h e  a b s o l u t e  ener-  
g i e s  o f  the  l o c a l  g r i d  may be s e r i o u s l y  a f f e c t e d  by  l i m i t i n g  t h e  a rea  ove r  
which t h e  s t r e s s  a n a l y s i s  i s  done, t he  change i n  energy  a s s o c i a t e d  w i t h  t h e  
exchange i s ,  however, l e s s  l i k e l y  t o  be f lawed,  as s i m i l a r  e r r o r s  a r e  genera ted  
and then cancel  when the  d i f f e r e n c e  i n  t h e  p re -  and post-exchange energ ies  i s  
c a l c u l a t e d .  F u r t h e r ,  as t h e  change i n  energy va lues  c a l c u l a t e d  a r e  o n l y  used 
t o  dec ide  i f  a g i v e n  exchange i s  accepted ,  t h e  numer ica l  r e s u l t s ,  and t h e r e f o r e  
the  a s s o c i a t e d  e r r o r ,  i s  n o t  accumulated. The s e n s i t i v i t y  o f  t h e  e r r o r  as a 
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f u n c t i o n  o f  g r i d  s i z e  used i n  t h e  s t r e s s  a n a l y s i s  w i l l  be q u a n t i f i e d  a t  a l a t e r  
p o i n t  i n  the  paper .  
The sma l le r ,  l o c a l  monte c a r l o  g r i d  on which the  s t r e s s  a n a l y s i s  i s  r u n  i s  
shown i n  f i g u r e  2 .  I t  i s  genera ted  from t h e  l a r g e r ,  g l o b a l  monte c a r l o  g r i d  
and i s  seen t o  c o n t a i n  36  e lements w i t h  the  exchange p a i r  r e s i d i n g  i n  t h e  4 
c e n t r a l  e lements.  The a c t u a l  e lement  t ype  used i n  t h e  f i n i t e  e lement  a n a l y s i s  
i s  t he  two-d imensional ,  s imp lex  t r i a n g l e ,  and as shown i n  f i g u r e  2 each monte 
c a r l o  element c o n t a i n s  two such s imp lex  t r i a n g l e s .  Wi th  t h i s  e lement  t ype  and 
g r i d  s i z e  one must genera te  and s o l v e  a system o f  l i n e a r  equa t ions  c o n t a i n i n g  
98 unknowns fo r  each exchange. T h i s  can be done i n  a f r a c t i o n  o f  a second on 
a mainframe computer and i t  i s  t h e r e f o r e  p o s s i b l e  t o  pe r fo rm a r e a l i s t i c  MCFET 
a n a l y s i s  which may r e q u i r e  thousands o f  exchanges. 
The e l a s t i c  p r o p e r t i e s ,  modulus, P o i s s o n ' s  r a t i o ,  e t c . ,  o f  each monte 
c a r l o  element a r e  ass igned va lues  co r respond ing  t o  t h e  phase i d e n t i t y  f o r  t h a t  
e lement .  To model t h e  m i s f i t  s t r a i n s  between p r e c i p i t a t e  and m a t r i x ,  a v o l u -  
m e t r i c  s t r a i n  i s  s imu la ted  by r e p l a c i n g  t h e  usua l  thermal  s t r a i n  te rm i n  t h e  
f i n i t e  element f o r m u l a t i o n  w i t h  a n u m e r i c a l l y  e q u i v a l e n t  m i s f i t  s t r a i n .  For a 
two phase a n a l y s i s  i n  which t h e  m i s f i t  s t r a i n  i s  -0.1 p e r c e n t ,  the  thermal  
s t r a i n  te rm o f  the  m a t r i x  e lements a re  s e t  equal  t o  0.05 p e r c e n t  w h i l e  t h e  
thermal  s t r a i n  te rm o f  t h e  p r e c i p i t a t e  elements a r e  s e t  equal  t o  -0.05 p e r c e n t .  
Note t h a t  t he  thermal  s t r a i n  te rm r e f e r r e d  t o  here  i s  n o t  r e l a t e d  t o  t h e  a f o r e -  
ment ioned thermal  energy term. 
The f i n i t e  e lement  code used i n  t h e  p r e s e n t  a n a l y s i s  i s  s imp le  b u t  never-  
t h e l e s s  t ime  e f f i c i e n t ,  and was adopted from t h e  t e x t  o f  S e g e r l i n d  ( r e f .  5 ) .  
I n  t h i s  code t h e  nodal  d isp lacements  of the  f i n i t e  e lement  g r i d  a r e  computed 
by  m i n i m i z i n g  t h e  p o t e n t i a l  energy o f  the  system for a g i v e n  s z t  o f  boundary 
c o n d i t i o n s .  From these nodal  d isp lacements  one then computes t h e  e lement  
s t r a i n s  and s t r e s s e s ,  and f i n a l l y  t h e  mechanical  energy of t h e  l o c a l  monte 
c a r l o  g r i d .  The cho ice  o f  boundary c o n d i t i o n s  a r e  somewhat ambiguous i n  t h e  
p r e s e n t  problem as one i s  a n a l y z i n g  a smal l  s e c t i o n  o f  an " i n f i n i t e "  s o l i d .  
A s  p r e v i o u s l y  noted,  extreme accu rac ies  of t h e  a b s o l u t e  ene rg ies  a r e  n o t  neces- 
s a r y  i n  t h e  p resen t  a n a l y s i s ,  t h e r e f o r e  t h e  s i m p l e s t  and compu ta t i ona l  f a s t e s t  
boundary c o n d i t i o n s  were adopted.  These s e t  of boundary c o n d i t i o n s  e l i m i n a t e  
r i g i d  body mo t ion  by  f i x i n g  t h e  d isp lacements  of t h e  c e n t r a l  node a t  ze ro ,  
w h i l e  r i g i d  body r o t a t i o n  i s  p revented  by  s e t t i n g  t h e  l a t e r a l  d isp lacement  o f  
t h e  node d i r e c t l y  above t h e  c e n t r a l  node a t  ze ro .  Otherw ise  t h e  body i s  essen- 
t i a l l y  uncons t ra ined .  A s  p r e v i o u s l y  s t a t e d ,  t h e  exchange p a i r  i s  a lways con- 
t a i n e d  i n  t h e  f o u r  c e n t r a l  e lements of t h e  l o c a l  monte c a r l o  g r i d  and as a 
r e s u l t  t h e r e  i s  no d i r e c t i o n a l  b i a s  t o  t h e  exchange r e s u l t i n g  from t h e  uncon- 
s t r a i n e d  or f r e e  boundary c o n d i t i o n s  used h e r e i n ,  t h i s  would n o t  be t r u e  i f  t h e  
exchange p a i r  were n o t  e q u i d i s t a n t  from a l l  t h e  o u t e r  boundar ies o f  t h e  l o c a l  
monte c a r l o  g r i d .  
e x t e r n a l l y  a p p l i e d  s t resses  a r e  t o  be mode l led  t h e  a p p r o p r i a t e  loads  a r e  
a p p l i e d  t o  the  nodes a long  the  o u t e r  boundar ies .  For a u n i a x i a l  s t r e s s  s t a t e ,  
loads o f  equal  b u t  o p p o s i t e  magnitude a r e  a p p l i e d  t o  the  upper and lower  bound- 
a r y  nodes o f  the  f i n i t e  e lement  g r i d .  
I n  a d d i t i o n  t o  t h e  d isp lacement  boundary c o n d i t i o n s ,  i f  
The a c t u a l  codes used t o  per form t h e  combined monte c a r l o i f i n i t e  element 
a n a l y s i s  maybe found i n  the  appendix .  I n  a d d i t i o n  t o  these codes t h e r e  i s  a 
complete d e s c r i p t i o n  o f  the  i n p u t  and o u t p u t  d a t a  used i n  an a n a l y s i s  as w e l l  
as a s i m p l i f i e d  f l o w c h a r t  d e s c r i b i n g  t h e  o v e r a l l  approach. 
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I N T E G R A T I O N  OF THE G R I D S  
A l though  some d e s c r i p t i o n  concern ing  i n t e g r a t i o n  o f  t h e  f i n i t e  e lement  and 
monte c a r l o  g r i d s  has preceded t h i s  p o i n t ,  i t  i s  f e l t  t h a t  a separa te ,  more 
d e t a i l e d  e x p l a n a t i o n  i s  war ran ted  as t h i s  p rocess  i s  o f  c e n t r a l  impor tance t o  
t h e  p r e s e n t  a n a l y s i s .  The d e s c r i p t i o n  o f  t h i s  p rocess  i s  most r e a d i l y  handled 
by example. Given t h e  g l o b a l  monte c a r l o  g r i d  o f  f i g u r e  1 ,  one f i r s t  s e l e c t s  
a s i t e  a t  random and then  s e l e c t s  one o f  e i g h t  a d j o i n i n g  e lements t o  form t h e  
exchange p a i r .  I f  these a re  o f  d i f f e r e n t  i d e n t i t y  t h e  exchange i s  a t tempted.  
Tak ing e lement  EC7,121 i n  f i g u r e  1 as t h e  s i t e  for  t h e  exchange the  n e x t  s t e p  
would i n v o l v e  s e l e c t i o n  of a n e i g h b o r i n g  e lement .  I n  t h e  p r e s e n t  a n a l y s i s  t h i s  
i s  done by choos ing  a number a t  random between one and e i g h t ,  i n c l u s i v e .  
seen I n  f i g u r e  3, t h i s  number d e f i n e s  t h e  exchange p a i r  a c c o r d i n g  t o  t h e  con- 
v e n t i o n  shown. The f o u r  c e n t r a l  e lements o f  t h e  6x6 l o c a l  monte c a r l o  g r i d  on 
which t h e  s t r e s s  a n a l y s i s  w i l l .  be done a re  de termined by t h e  l o g i c  desc r ibed  
i n  f i g u r e  3. The remainder  o f  t h e  l o c a l  monte c a r l o  g r i d  i s  then f i l l e d  i n  
u s i n g  t h e  i n f o r m a t i o n  found i n  t h e  g l o b a l  monte c a r l o  g r i d .  C o n t i n u i n g  w i t h  
t h e  p r e s e n t  example, suppose an exchange t y p e  6 was s e l e c t e d ,  t h e  r e s u l t i n g  
g r i d  would appear as shown i n  f i g u r e  2 .  Note t h a t  s i n c e  t h e  exchange p a i r  i s  
l o c a t e d  near t h e  r i g h t  boundary o f  t h e  g l o b a l  monte c a r l o  g r i d ,  f i g u r e  1 ,  t h e  
l o c a l  monte c a r l o  g r i d ,  f i g u r e  2, i s  composed o f  e lements on b o t h  the  r i g h t  
and l e f t  hand s i d e  o f  t h e  g l o b a l  monte c a r l o  g r i d .  The f i n i t e  e lement  based 
s t r e s s  a n a l y s i s  i s  t hen  performed on t h e  l o c a l  g r i d  t o  y i e l d  t h e  pre-exchange 
s t r a i n  energy.  T h i s  i s  t hen  summed w i t h  t h e  i n t e r f a c i a l  energy.  The exchange 
i s  now per fo rmed on t h e  l o c a l  monte c a r l o  g r i d  and t h e  t o t a l  energy,  b o t h  
i n t e r f a c i a l  and s t r a i n ,  i s  recomputed f o r  t h e  new c o n f i g u r a t i o n .  I f  t h e  d i f -  
f e rence  i n  t h e  energy be fore  and a f t e r  exchange i s  l e s s  than  t h e  thermal  energy 
a t  t h i s  p o s i t i o n  and t i m e ,  t h e  exchange i s  accepted and t h e  g l o b a l  monte c a r l o  
g r i d  i s  m o d i f i e d  by exchanging t h e  i d e n t i t y  o f  s i t e s  EE7,123 and E[8,111 i n  
f i g u r e  1 .  A new s i t e  and exchange t y p e  i s  chosen a t  random and the  process i s  
repeated .  A s  p r e v i o u s l y  s t a t e d ,  no numer ic  i n f o r m a t i o n  concern ing  energy,  
e s p e c i a l l y  s t r a i n  energy,  i s  c a r r i e d  f o r t h ,  only t h e  c o n f i g u r a t i o n a l  changes 
o f  t h e  g l o b a l  monte c a r l o  g r i d  a f f e c t s  subsequent c a l c u l a t i o n s  o f  s t r a i n  and 
i n t e r f a c i a l  energy t e r m s .  
A s  
V A L I D A T I O N  OF THE MCFET APPROACH 
Be fo re  a n a l y z i n g  more complex problems w i t h  m u l t i p l e  p a r t i c l e  m i c r o s t r u c -  
t u r e s  i t  i s  i n s t r u c t i v e  t o  look a t  some s imp le  one and two p a r t i c l e  problems t o  
unders tand and v a l i d a t e  t h e  MCFET approach. I n  t h e  f o l l o w i n g  ana lyses ,  thermal  
and s u r f a c e  t e n s i o n  e f f e c t s  w i l l  be i g n o r e d  and t h e  e l a s t i c  p r 3 p e r t i e s  o f  a l l  
phases w i l l  be taken t o  be i s o t r o p i c .  
The first and s i m p l e s t  example t o  be r u n  t r a c k s  t h e  p a t h  of a s i n g l e  p re -  
c i p i t a t e ,  compr i s ing  one monte c a r l o  e lement ,  o v e r  an extended p e r i o d  of t i m e  
on a smal l  6x6 g r i d .  The p a r t i c l e  has t h e  same e l a s t i c  p r o p e r t i e s  as t h e  
m a t r i x  and a m i s f i t  o f  -0.1 pe rcen t ,  f u r t h e r  t h e r e  i s  no a p p l i e d  s t r e s s .  The I 
he r e s u l t s  o f  t h i s  a n a l y s i s  a re  summarized i n  f i g u r e  4 a f t e r  100 MCS and shows 
number o f  exchanges p e r  s i t e  i n v o l v i n g  t h e  s i n g l e  p r e c i p i t a t e  p a r t i c l e .  Two 
p o i n t s  a r e  t o  be made. F i r s t ,  o f  t h e  a p p r o x i m a t e l y  3600 a t tempted exchanges 
o n l y  200 i n v o l v e d  t h e  p r e c i p i t a t e .  Th is  number i s  c o n s i s t e n t  w i t h  random s e  
t i o n  o f  t h e  exchange p a i r .  Second and perhaps more i m p o r t a n t ,  t h e r e  i s  no 
apparent  p o s i t i o n a l  b i a s  i n t r o d u c e d  by t h e  use o f  p e r i o d i c  boundar ies  or  the  
f i n i t e  e lement  s t r e s s  a n a l y s i s .  
ec- 
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I n  f i g u r e  5 a second, s i n g l e  element p a r t i c l e  has been added t o  t h e  6x6 
g r i d  and a f t e r  o n l y  16 MCS t h e  p a r t i c l e s  coa lesce.  F u r t h e r ,  i n  t h i s  t i m e  o n l y  
f o u r  exchanges i n v o l v i n g  t h e  p r e c i p i t a t e  p a r t i c l e s  were accepted,  a l l  o f  which 
tended t o  d i m i n i s h  t h e  s e p a r a t i o n  o f  the  two p a r t i c l e s .  Th is  shows t h a t  t h e r e  
i s  an a t t r a c t i v e  f o r c e  between these sma l l ,  s i n g l e  element p a r t i c l e s .  T h i s  
a t t r a c t i v e  f o r c e  i s  a l s o  e v i d e n t  when the  e l a s t i c  p r o p e r t i e s  o f  m a t r i x  and p re -  
c i p i t a t e  a re  unequal .  
exchanges, i t  i s  apparent  t h a t  p a r t i c l e  coalescence produces the  most pro-  
nounced decrease i n  s y s t e m  energy.  By comparison, t h e  energy change of t h e  
o t h e r  t h r e e  exchanges was l e s s  than  10 pe rcen t  o f  t h a t  assoc ia ted  w i t h  p a r t i c l e  
coalecsence. The presence o f  t h i s  a t t r a c t i v e  f o r c e  was n o t  a n t i c i p a t e d ,  as 
c l a s s i c a l  e l a s t i c i t y  t h e o r y  p r e d i c t s  m i s f i t t i n g  p a r t i c l e s  i n  a m a t r i x  w i t h  
i d e n t i c a l  p r o p e r t i e s  a r e  n e i t h e r  a t t r a c t e d  nor  r e p e l l e d  by one ano the r .  
o r i g i n  o f  t h i s  force i s  a p p a r e n t l y  r e l a t e d  t o  t h e  f i n i t e  g r i d  s i z e  and boundary 
c o n d i t i o n s  employed. The d i sc repancy  w i t h  c l a s s i c a l  e l a s t i c i t y  does n o t  appear 
t o  render  the  techn ique  unusable,  as w i l l  be shown. Rather ,  t h e  most s i g n i f i -  
c a n t  a f f e c t  o f  t h i s  a t t r a c t i o n  r e s u l t s  f r o m  t h e  l a r g e  energy decrease accompan- 
i n g  p a r t i c l e  coalescence.  T h i s  produces an i n h e r e n t  su r face  t e n s i o n  ove r  and 
above t h a t  n o r m a l l y  a s s o c i a t e d  w i t h  t h e  s u r f a c e  energy t e r m  r o u t i n e l y  employed 
i n  these l a t t i c e  models. 
Examining t h e  energy change assoc ia ted  w i t h  these f o u r  
The 
A s  p r e v i o u s l y  s t a t e d ,  t h e  s i z e  o f  the  f i n i t e  element g r i d  must i n  genera l  
be s m a l l e r  than t h e  monte c a r l o  g r i d  f o r  computa t iona l  reasons.  I n  t h i s  paper 
t h e  s i z e  o f  t h e  f i n i t e  e l e m e n t  g r i d  w i l l  be l i m i t e d  t o  6x6.  To determine i f  
t h i s  s e r i o u s l y  a f f e c t s  t h e  s t r e s s  a n a l y s i s  a s e r i e s  of f i n i t e  e lement  a n a l y s i s  
w e r e  r u n  on t h e  m i c r o s t r u c t u r e  shown i n  f i g u r e  6. I n  these ana lyses ,  t h e  m i s -  
f i t  i s  -0.1 p e r c e n t ,  t h e  modu l i  o f  t h e  p a r t i c l e s  i s  8e10 Pa versus l O e l O  Pa for 
t h e  m a t r i x ,  and a s t r e s s  o f  3e8 Pa i s  a p p l i e d .  The change i n  s t r a i n  energy f o r  
t h e  exchange o f  s i t e s  P and M w e r e  then computed f o r  a 6 x 6 ,  1 2 x 1 2 ,  and 18x18 
f i n i t e  element g r i d .  Whi le  t h e  a b s o l u t e  ene rg ies  a re  much d i f f e r e n t  for t h e  
t h r e e  g r i d  s i z e s ,  as e v i d e n t  by t h e  pre-exchange s t r a i n  energy,  t he  change i n  
s t r a i n  ene rg ies  d i f f e r  by l e s s  than  2 p e r c e n t .  Hence, i t  appecrs t h a t  t h e  
c h o i c e  o f  a 6x6 f i n i t e  e lement  g r i d  p rov ides  s u f f i c i e n t  accuracy w h i l e  rn in imiz-  
i n g  computa t iona l  requ i remen ts .  
To v a l i d a t e  t h e  MCFET approach, m i c r o s t r u c t u r a l  shape changes o f  a s ingu-  
l a r  p a r t i c l e  a s s o c i a t e d  w i t h  t h e  a p p l i c a t i o n  o f  a u n i a x i a l  s t r e s s  f i e l d  o f  
v a r y i n g  magnitude and d i r e c t i o n  were examined. Th is  problem has been ana lyzed 
by o t h e r s  u s i n g  the  approach o f  Eshe lby .  I n  p a r t i c u l a r ,  Pineau ( r e f .  6) has 
p resen ted  a thorough a n a l y s i s  of t h e  s i n g l e - p a r t i c l e  problem i n  which t h e  equ i -  
l i b r i u m  p a r t i c l e  shape i s  mapped for a v a r i e t y  o f  s i t u a t i o n s .  Th is  map has 
been reproduced i n  f i g u r e  7 ( a ) .  The r a t i o  o f  p r e c i p i t a t e  t o  m a t r i x  s t i f f n e s s  
i s  p l o t t e d  on the  y - a x i s ,  w h i l e  t h e  r a t i o  o f  a p p l i e d  s t r e s s  t o  m i s f i t ,  normal- 
i z e d  by the  m a t r i x  s t i f f n e s s ,  i s  p l o t t e d  on t h e  x -ax i s .  A s  seen f i g u r e  7 ( a > ,  
t h e  a p p l i c a t i o n  o f  s t r e s s  can have t h r e e  e f f e c t s ;  t he  p a r t i c l e  may remain 
s p h e r i c a l ,  t h e  p a r t i c l e  may e l o n g a t e  such t h a t  t he  e longa ted  d i r e c t i o n  i s  pa r -  
a l l e l  t o  the  s t r e s s  a x i s ,  or t h e  p a r t i c l e  may e longa te  such t h a t  e longa ted  
d i r e c t i o n  i s  p e r p e n d i c u l a r  to  t h e  s t r e s s  a x i s .  A l s o  shown on t h i s  map a re  d i s -  
c r e t e  symbols r e p r e s e n t i n g  MCFET r u n s .  I n  these ins tances  t h e  s t a r t i n g  mic ro-  
s t r u c t u r e s  c o n s i s t e d  o f  a s i n g l e ,  square p a r t i c l e ,  c o n t a i n i n g  f o u r  e lements,  as 
shown i n  f i g u r e  7 ( b > .  The f i n i t e  element g r i d  was 6x6 w h i l e  t h e  monte c a r l o  
g r i d  was 12x12, the reby  a s s u r i n g  t h a t  the  p a r t i c l e  would be e s s e n t i a l l y  con- 
t a i n e d  i n  an i n f i n i t e  m a t r i x .  The f i n a l  p a r t i c l e  shape which evo lved  was a 
s i n g u l a r ,  r e c t a n g u l a r  p a r t i c l e ,  4x1, w i t h  one excep t ion .  T h i s  p a r t i c l e  
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renialned square.  These shapes were analogous t o  t h a t  p r e d l c t e d  by  t h e  Eshelby 
approach. The agreement between t h e  two techn iques  shows t h e  a d d i t i o n a l  i n t e r -  
e lement  a t t r a c t i o n  documented i n  f i g u r e  5 d i d  n o t  s e r i o u s l y  i n f l u e n c e  t h e  o u t -  
come o f  t h e  MCFET a n a l y s i s  o f  t h e  s i n g l e  p a r t i c l e  problem. 
A t  t h i s  t ime  i t  i s  i n s t r u c t i v e  t o  ex tend t h i s  a n a l y s i s  t o  t h e  two m u l t i -  
e lement ,  p a r t i c l e  p rob lem p i c t u r e d  i n  f i g u r e  8.  Here one examines t h e  e f f e c t  
o f  i n t e r p a r t i c l e  separa t i on ,  Rp, on p a r t i c l e  shape as a f u n c t i o n  o f  a p p l i e d  
s t r e s s .  Th is  a n a l y s i s  w i l l  be l i m i t e d  t o  a p r e c i p i t a t e  modu l i  and m i s f i t  o f  
8e10 Pa and -0.1 p e r c e n t  r e s p e c t i v e l y ,  and a m a t r i x  modu l i  of lOelO Pa. Such a 
cho ice  t r a v e r s e s  t h e  Pineau map, f i g u r e  7 ( a > ,  a t  Ep/Em o f  0 . 8 .  I t  i s  apparent  
t h a t  t h e  i n t e r p a r t i c l e  s e p a r a t i o n  i n f l u e n c e s  t h e  s t r e s s  l e v e l  a t  which t h e  i n i -  
t i a l  c o n f i g u r a t i o n  becomes u n s t a b l e .  The c o n f i g u r a t i o n  which evo lves  i s  s t i l l  
i n  genera l  agreement w i t h  P ineau 's  map f o r  t h e  s i n g l e  p a r t i c l e  problem. Whi le  
one m i g h t  suspect  a d j a c e n t  p a r t i c l e s  t o  have some e f f e c t ,  i t  i s  u n c l e a r  a t  t h i s  
p o i n t  how much o f  s a i d  e f f e c t  i s  an a r t i f a c t  o f  t h e  f i n i t e  e lement  techn ique  
s i m i l a r  t o  t h a t  a s s o c i a t e d  w i t h  t h e  i n t e r e l e m e n t  a t t r a c t i o n  documented i n  
f i g u r e  5,  and how much i s  a " r e a l "  e f f e c t  t h a t  shou ld  be mode l led .  
SCALING EFFECTS 
To t h i s  p o t n t  t h e  MCFET ana lyses  have been r u n  w i t h o u t  tempera ture  or sur -  
f a c e  t e n s i o n  e f f e c t s .  The exchange c r i t e r i a  has been based s o l e l y  on t h e  
change i n  s t r a i n  energy.  A s  a consequence t h e  a b s o l u t e  d imensions o f  a p a r t i -  
c l e  a r e  i r r e l e v e n t .  However, when s u r f a c e  t e n s i o n  e f f e c t s  a r e  i n c l u d e d ,  
a s s i g n i n g  an a b s o l u t e  d imension to  a p a r t i c l e  i s  v e r y  i m p o r t a n t  as s u r f a c e  
energy e f f e c t s  s c a l e  w i t h  t h e  square of t h e  p a r t i c l e  s i z e  ( s u r f a c e  a rea )  w h i l e  
s t r a i n  energy e f f e c t s  s c a l e  w i t h  t h e  cube o f  t h e  p a r t i c l e  s i z e  (vo lume) .  I n  
t h e  rema in ing  MCFET ana lyses  t h e  e f f e c t s  o f  s u r f a c e  t e n s i o n  and tempera ture  
w i l l  be i n c l u d e d .  
assumed, and each monte c a r l o  e lement  w i l l  be ass igned a l e n g t h  u n i t  o f  l e -6  m 
on edge. T h i s  l e n g t h  s c a l e  i s  a p p r o p r i a t e  for  m i c r o s t r u c t u r a l  a n a l y s i s .  
A s  a s t a r t i n g  p o i n t  a s u r f a c e  t e n s i o n  o f  2e-2 J/m2 w i l l  be 
To i n t r o d u c e  tempera ture  e f f e c t s  i n  t h e  problem, t h e  thermal  energy term,  
kT, i s  i n c l u d e d  i n  t h e  energy ba lance,  as d e s c r i b e d  i n  t h e  s e c t i o n  e n t i t l e d  
MCFET APPROACH. I n  essence t h e  magni tude o f  kT i s  compared t o  o t h e r  energy 
terms.  I n  t h e  p r e s e n t  a n a l y s i s ,  k i s  equated t o  t h e  s u r f a c e  t e n s i o n .  The 
r a t i o n a l e  f o r  t h i s  approach i s ,  i t  balances t h e  thermal  and s u r f a c e  energy 
terms o f  an exchange which c r e a t e s  a s i n g l e  i n t e r f a c e  between p r e c i p i t a t e  and 
m a t r i x  when T = 1 .  I n  o t h e r  words,  t h e  s o l u t i o n  tempera ture  o f  t h e  p r e c i p i -  
t a t e  i s  near  u n i t y  i n  t h e  absence o f  s t r a i n  e f f e c t s .  To demonstrate t h i s ,  s i m -  
u l a t i o n s  were r u n  w i t h  kT equal  t o  le-2,  2e-2, and 3e-2 ( T  = 0.5, 1.0,  and 
1 .5) .  I n  each case t h e  s t a r t i n g  m i c r o s t r u c t u r e  was a s i n g l e ,  square p a r t i c l e ,  
compr i s ing  f o u r  e lements on a 12x12 monte c a r l o  g r i d .  The m i s f i t  was taken t o  
be -0.1 p e r c e n t ,  t he  p r e c i p i t a t e  modu l i  was 8e10 Pa versus  lOelO Pa for t h e  
m a t r i x ,  and t h e r e  was no e x t e r n a l l y  a p p l i e d  s t r e s s .  A s  seen i n  f i g u r e  9 ,  a t  a 
tempera ture  co r respond ing  t o  kT=le-2 t h e  p a r t i c l e  d i d  n o t  b reak  up n o r  d i d  i t  
change shape. A t  kT=3e-2 t h e  f o u r  e lement  p a r t i c l e  b roke  up i n t o  f o u r  s i n g l e ,  
e lement  p a r t i c l e s  a f t e r  7 MCS. Th i s  tempera ture  i s  o b v i o u s l y  a t  or above t h e  
s o l u t i o n  tempera ture  o f  the  p r e c i p i t a t e  f o r  t h e  g i v e n  parameters .  A t  
kT = 2e-2 t h e  p a r t i c l e  breaks up b r i e f l y  a t  8 MCS b u t  r a p i d l y  coa lesces .  How- 
eve r ,  as shown i n  f i g u r e  9, t h e  aspec t  r a t i o  i s  c o n t i n u a l l y  chang ing  as t h e r e  
i s  a c o n s i d e r a b l e  amount of sur face m o b i l i t y  a t  t h i s  tempera ture .  
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A s  p r e v i o u s l y  s t a t e d  the  cho ice  o f  a l e n g t h  sca le  can a f f e c t  t he  sur face  
area  t o  volume r a t i o ,  and t h e r e f o r e  t h e  r e l a t i v e  magnitude o f  t h e  v a r i o u s  
energy terms.  To i l l u s t r a t e  t h i s  e f f e c t  on m i c r o s t r u c t u r a l  e v o l u t i o n  t h e  pre-  
ced ing  problem was r e r u n  u s i n g  a v a l u e  o f  kT = 2e-2 and t h r e e  l e n g t h  sca les ;  
l e -5 ,  le -6 ,  and le -7  m ,  a l l  o f  which a r e  s t i l l  p h y s i c a l l y  reasonab le  cho ices .  
A s  seen i n  f i g u r e  10, on dec reas ing  t h e  l e n g t h  s c a l e  t o  le -7  m the  p a r t i c l e  
becomes more prone t o  b reak  up due t o  inc reased  m o b i l i t y  of t h e  c o n s t i t u e n t  
e lements.  On i n c r e a s i n g  t h e  l e n g t h  sca le  t o  l e - 5  m, t he  p a r t i c l e  i s  seen t o  be 
s t a b l e  out t o  16 MCS. F u r t h e r ,  even s u r f a c e  m o b i l i t y  has been e l i m i n a t e d  as 
sur face t e n s i o n  e f f e c t s  comp le te l y  overwhelm thermal  and s t r a i n  energy e f f e c t s .  
Th i s  example p o i n t s  o u t  t h e  impor tance o f  choos ing  an a p p r o p r i a t e  l e n g t h  s c a l e  
and su r face  t e n s i o n  number for t h e  prob lem a t  hand as such cho ices  can p ro -  
f o u n d l y  a l t e r  t h e  r e l a t i v e  impor tance o f  each energy term.  
STRESS A S S I S T E D  MICROSTRUCTURAL EVOLUTION 
I n  the  p reced ing  s e c t i o n s  v a r i o u s  aspec ts  o f  t h e  MCFET approach have been 
examined and v a l i d a t e d  t o  some degree.  I n  t h i s  s e c t i o n ,  t h e  e f f e c t s  o f  an 
a p p l i e d  s t r e s s  on a s i n g l e  and m u l t i p l e  p a r t i c l e  problem w i l l  be examined under 
more r e a l i s t i c  c o n d i t i o n s ,  s u r f a c e  t e n s i o n  and thermal  e f f e c t s  w i l l  be i n c l u d e d .  
Each o f  these ana lyses  w i l l  be r u n  w i t h  a 12x12 monte c a r l o  g r i d  i n i t i a l l y  con- 
t a i n i n g  2x2 square p a r t i c l e ( s )  w i t h  a m i s f i t  of  -0.1 p e r c e n t .  A m a t r i x  modu l i  
o f  lOelO Pa and a p r e c i p i t a t e  modul i  o f  8e10 Pa w i l l  be assumed. F u r t h e r ,  a 
s u r f a c e  t e n s i o n  va lue  o f  2e-2 J/m2 and kT o f  2e-2 w i l l  be used w i t h  t h e  
l e n g t h  sca le  s e t  a t  l e -6  m p e r  e lement .  
The e f f e c t  of  a t e n s i l e  and compress ive s t r e s s  on a s i n g l e  square p a r t i c l e  
w i l l  be examined f i r s t .  These r e s u l t s  a r e  p resen ted  i n  f i g u r e  1 1  a l o n g  w i t h  
t h a t  for  an uns t ressed  p a r t i c l e .  I n  t h i s  f i g u r e  the  o v e r a l l  aspec t  r a t i o ,  A r ,  
b e i n g  t h e  averaged h e i g h t  t o  w i d t h  r a t i o  o f  a l l  p a r t i c l e s  i s  p l o t t e d  as a func- 
t i o n  o f  s imu la ted  t i m e .  T h i s  d e f i n i t i o n  was adopted as i t  i s  p o s s i b l e  for t h e  
p a r t i c l e  t o  break  up. W i th  no a p p l i e d  s t r e s s  t h e  aspec t  r a t i o  f l i p  f l o p s  about  
u n i t y  and i t  appears t h a t  a s i n g l e  p a r t i c l e  i s  t h e  most s t a b l e  c o n f i g u r a t i o n  as 
i t  breaks  up o n l y  b r i e f l y  a t  8 MCS. 
aspec t  r a t i o  c l i m b s  above u n i t y  near  6 MCS and remains t h e r e  b u t  f o r  a b r i e f  
t ime  a t  8 MCS. A t  about  12 MCS the  p a r t i c l e  b reaks  up b u t  t h e  aspec t  r a t i o  
s t i l l  remains above u n i t y .  When a compress ive s t r e s s  o f  -3e8 Pa i s  a p p l i e d ,  
t h e  p a r t i c l e  f i r s t  breaks  up near 4 MCS and s h o r t l y  t h e r e a f t e r  t h e  aspec t  r a t i o  
f a l l s  below u n i t y  where i t  remains even when t h e  p a r t i c l e s  coa lesce between 6 
and 7 MCS. A l though t h e  k i n e t i c s  o f  the  shape e v o l u t i o n  and p a r t i c l e  s t a b i l i t y  
a r e  d i f f e r e n t  from t h a t  o b t a i n e d  when sur face  and thermal  e f f e c t s  a r e  absent ,  
f i g u r e  7 ( a > ,  t h e  aspec t  r a t i o s  o b t a i n e d  he re  for t e n s i o n  and compression a r e  i n  
genera l  agreement w i t h  t h e  f i n a l  e q u i l i b r i u m  shapes shown i n  f i g u r e  7 ( a > .  
Under a t e n s i l e  s t r e s s  of 3e8 Pa, t h e  
The e f f e c t  o f  a p p l i e d  s t r e s s  on a m u l t i p a r t i c l e  m i c r o s t r u c t u r e  i s  examined 
n e x t .  The i n i t i a l  m i c r o s t r u c t u r e ,  c o n t a i n i n g  approx ima te l y  45 v o l  % o f  p r e c i p -  
i t a t e  ar ranged as a r e g u l a r  a r r a y  of square p a r t i c l e s ,  i s  i l l u s t r a t e d  i n  
f i g u r e  12 .  
a p p l i e d  s t r e s s  o f  3e8 or -3e8 Pa i s  p r e s e n t .  A s  seen here ,  t h e  compressive 
s t r e s s  produces a m i c r o s t r u c t u r e  i n  which a l t e r n a t e  l a y e r s  o f  p r e c i p i t a t e  and 
m a t r i x  a r e  a l i g n e d  p e r p e n d i c u l a r  t o  t h e  s t r e s s  a x i s .  When t h e  a p p l i e d  s t r e s s  
i s  t e n s i l e ,  a l e s s  r e g u l a r  m i c r o s t r u c t u r e  evo lves  i n  which the  a l i gnmen t  of 
a l t e r n a t i n g  l a y e r s  o f  p r e c i p i t a t e  and m a t r i x  i s  p a r a l l e l  t o  t h e  s t r e s s  a x i s .  
Also shown a r e  t h e  r e s u l t i n g  m i c r o s t u c t u r e s  a f t e r  12 MCS when an 
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The l e s :  r e g u l a r  n a t u r e  o f  the  m i c r o s t r u c t u r e  under t e n s l o n  was apparent  v e r y  
e a r l y  i n  the  d n a l y s l s .  That t h l s  shou ld  occur  i s  n o t  t o t a l l y  s u r p r i s i n g  as t h e  
Pineau map shows t h l s  t ype  o f  s t r u c t u r e ,  N r e g i o n  I n  f l g u r e  7 ( a > ,  i s  s t a b l e  
ove r  a r a t h e r  l i m i t e d  area .  The con t inuous ,  l a y e r e d  m i c r o s t r u c t u r e  which 
evo lved  i n  the  s i m u l a t i o n s  i s  s i m i l a r  t o  t h a t  observed i n  r e a l  systems, such as 
t h e  N i - A 1 - C r  a l l o y s .  I n  these a l l o y s  t h e  m i c r o s t r u c t u r e ,  p r i o r  t o  t h e  a p p l i c a -  
t i o n  o f  an e x t e r n a l  s t r e s s ,  c o n s i s t s  o f  a r e g u l a r  a r r a y  o f  y '  p r e c i p i t a t e s  i n  a 
con t inuous  y m a t r i x ,  much l i k e  t h e  i d e a l i z e d ,  s t a r t i n g  m i c r o s t r u c t u r e  shown i n  
f i g u r e  12. On a p p l y i n g  an e x t e r n a l  s t r e s s  a t  e l e v a t e d  tempera tures  near  lOOOC, 
these a l l o y s  form cont inuous  l a y e r s  o f  t h e  y and y '  phases. T h i s  morphology i s  
o f t e n  r e f e r r e d  t o  as a r a f t e d  m i c r o s t r u c t u r e .  For t e n s i l e  l oads ,  r a f t  forma- 
t i o n  p e r p e n d i c u l a r  t o  the  s t r e s s  a x i s  have been observed for  some a l l o y  compo- 
s i t i o n s  ( r e f .  7 ) ,  w h i l e  s t i l l  o t h e r  a l l o y  compos i t ions  form r a f t s  which a r e  
p a r a l l e l  to  the  s t r e s s  a x i s  ( r e f .  8). The behav io r  o f  a p a r t i c u l a r  a l l o y  i s  
b e l i e v e d  t o  be dependent on t h e  m i s f i t  and e l a s t i c  p r o p e r t i e s  o f  p r e c i p i t a t e  
and m a t r i x .  
t i o n  has been observed t o  r e v e r s e ,  as was t h e  case for  t h e  MCFET s i m u l a t i o n .  
On a p p l y i n g  a compress ive load,  t h e  sense o f  t h e  r a f t i n g  o r i e n t a -  
SUMMARY OF RESULTS 
A s p e c i a l i z e d ,  m i c r o s t r u c t u r a l  l a t t i c e  model, MCFET, has been developed 
which s imu la tes  m i c r o s t r u c t u r a l  e v o l u t i o n  i n  m a t e r i a l  s y s t e m s  where modulated 
phases occu r  and d i r e c t i o n a l i t y  o f  t h e  modu la t i on  i s  i n f l u e n c e d  by i n t e r n a l  and 
e x t e r n a l  s t r e s s e s .  The energy o f  t h e  s t r e s s  f i e l d s  i s  e s t i m a t e d  w i t h  a f i n i t e  
element techn ique  w h i l e  m i c r o s t r u c t u r a l  e v o l u t i o n  i s  s i m u l a t e d  w i t h  a Monte 
C a r l o  approach i n  which conserved dynamics i s  used. 
The MCFET a n a l y s i s  has been v a l i d a t e d  by comparing t h i s  approach w i t h  a 
c losed- fo rm,  a n a l y t i c a l  method f o r  t h e  s i n g l e - p a r t i c l e ,  i n f i n i t e  m a t r i x  prob-  
l e m .  
i n  genera l  t h e  r e s u l t i n g  m i c r o s t r u c t u r e s  a re  s i m i l a r  to  those observed i n  the  
N i - A l - C r  a l l o y  system. 
Sample MCFET ana lyses  for a m u l t i p a r t i c l e  p rob lem have a l s o  been r u n  and 
A l though  t h e  MCFET approach appears t o  be a p r o m i s i n g  a n a l y t i c a l  tool as 
i s ,  much more development i s  p o s s i b l e .  Some areas f o r  f u t u r e  work i n c l u d e :  
1 .  Improv ing  t h e  accuracy  o f  t h e  f i n i t e  e lement  s t r e s s  a n a l y s i s  by deve- 
l o p i n g  more accu ra te  boundary c o n d i t i o n s ,  use o f  complex g r i d  e lements,  and 
development o f  a v a r i a b l e  g r i d  geometry t o  more a c c u r a t e l y  r e p r e s e n t  t h e  d i s -  
t a n t  cont inuum. 
2 .  Employing t h r e e  d imens iona l  a n a l y s i s  as opposed t o  t h e  c u r r e n t  two- 
d imens iona l  a n a l y s i  s .  
3 .  Develop a d i s l o c a t i o n  s i m u l a t o r ,  as m i s f i t  d i s l o c a t i o n s  a r e  v e r y  impor- 
t a n t  t o  t h i s  c l a s s  of problem. 
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MGRID 
carlo grid 
Sets up monte 1 
J - 
HPLAY 
Playback of the 
microstuctural 
simulation gen- 
erated bv MCFET 
c 
FGRID 
element grid 
-Sets up finite 
As indicated above MGRID and FGRID are run first. The inputs to MGRID 
are : 
1)Size of the n x n monte carlo grid 
2)Location of particle 
3)Size of particle 
[ MGRO 0 9 0 ] 
[ MGRO 12 0 ] 
[ MGR0150 3 
The information in brackets refers to the line number of the appropriate 
statements in MGRID. MGRID continues to ask for the location and size of 
additional particles until the user responds with 0,O as input to [MGR0120]. 
The output of MGRID is a file (FILEDEF 10) to be used as input by MCFET. 
FGRID has a singular input: 
1)Size of the n x n finite element grid [ FGR0050 ] 
and also produces a file (FILEDEF 11) to be used as input by MCFET. In this 
paper the value of n in FGRID is generally set at 6. 
MCFET is run next and has the following inputs: 
1)Unit length of monte carlo element [ MCF0270 ] 
2)Temperature [MCF0290] 
3)Surface tension [ MCFO 3 1 0 3 
4)Random number seed and number of finite element calculations [ MCFO 3 3 0 3 
5)Applied stress, misfit parameter, and size of monte carlo grid [MCF0350] 
6)Elastic parameters of matrix Dl,D2,D3 [ MCF0370 ] 
7)Elastic parameters of precipitate particles Dl,D2,D3 [ MCFO 3 90 3 
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Most of the above have been discussed in the body of this paper, however, 
some explanation is in order. First, the dimensions of all inputs must be 
consistent. Second, the random number seed [MCF0330] is used by the random 
number generator GGUBS, which is a predefined IMSL function; the number of 
finite element calculations [MCF0330] is used to limit the computer time per 
run; and the misfit parameter [MCF0350] is equal to -d/2 where d is the alloy 
misfit. Finally, the elastic parameters are defined as follows: 
Dl=Elastic modulus 
D2=0.3*Dl 
D3=0.4*Dl 
for the analysis employed here. 
calculations the resulting microstructure is displayed and the code then I 
requests the following additional inputs: 
After MCFET completes the specified number of finite element 
1)Change the number of finite element calculations 
2)Number of finite element calculations 
[ MCF3 5 0 0 ] 
[ MCF3 6 0 0 3 
If one responds with 0 to [MCF3500] the run is terminated, otherwise MCFET 
requests input to [MCF36001 and the process is repeated until a responce of 0 
is provided as input to [MCF3500]. On termination all information concerning 
microstructural evolution is contained in two files (FILEDEF 12 and 13). 
evolution. The inputs to HPLAY are a file produced by MCFET (FILEDEF 12) and 
the following: 
As indicated in the flowchart HPLAY is then run to view microstructural 
1)Number of finite element calculations and size of the monte [ HPL0050 ] 
carlo grid 
The first item is equal to the last value of said parameter used in MCFET. 
1 1  
C 
10 
20 
30 
35 
50 
40 
70 
100 
MONTE CARLO GRID (MGRID) 
INTEGER MGRID(25,25) 
INTEGER R,C 
DO 10 R=1,25 
DO 10 C=1,25 
MGRID(R,C)=l 
CONTINUE 
PRINT *,'SIZE OF MONTE CARLO GRID' 
READ *,NGS 
PRINT *,'ORIGIN TAKEN AS LOWER LEFT CORNER' 
PRINT *,'ROW, COLUMN OF PARTICLE ORIGIN' 
PRINT *, 'PARTICLE HEIGHT, WIDTH' 
READ *,R,C 
IF (R .EQ. 0) GO TO 35 
READ *,H,W 
DO 30 I=R,R+H-l 
DO 30 J=C,C+W-l 
MGRID(I,J)=2 
CONTINUE 
GO TO 20 
CONTINUE 
DO 40 I=l,NGS 
DO 40 J=l,NGS 
WRITE (10,SO) I,J,MGRID(I,J) 
FORMAT (314) 
CONTINUE 
DO 70 R=NGS,1,-1 
WRITE (6,100) (MGRID(R,C),C=l,NGS) 
CONTINUE 
FORMAT (2413) 
STOP 
END 
[MGROOgO] 
[ MGRO 1201 
MGRO 1501 
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C GRID GENERATION CODE (FGRID) 
INTEGER N1(1250),N2(1250),N3(1250),P(12),Q(12),NS(6,1250),LS 
REAL B(3,6,1250),AR2(1250) 
PRINT *,' INPUT LATTICE SIZE AS N X N' 
READ *,LS [ FGR00501 
NE=(2*LS)"LS 
NP=( LS+1)**2 
NC=LS 
NR=2*LS 
N4=INT(NP*0.5) 
N5=2*N4 
P( 1)=1 
P( 2)=2 
P( 3)=N4+1 
P( 4)=2 
P( 5)=N4+2 
P (  6)=N4+1 
P( 7)=2 
P( 8)=N4+3 
P(9)=N4+2 
P( 10)=2 
P(  11)=3 
P(12)=N4+3 
Q( 1)=N4+1 
Q( 2)=N5+2 
Q( 3)=N5+1 
Q(4)=N4+1 
Q(5)=N4+2 
Q( 6)=N5+2 
Q( 7)=N4+2 
Q( 8)=N4+3 
Q( 9)=N5+2 
Q( 10)=N4+3 
Q( ll)=N5+3 
Q(12)=N5+2 
ITEKMl=NC/2 
ITERM2=NR/4 
DO 3 I=l,ITERMl 
DO 3 J=1, ITERMZ 
DO 3 K=1,4 
Il=K+4*(J-l)+2*NR*(I-l) 
12=3*(K-l) 
13=2*(I-l)*INT(NP**O.5)+2*(J-l) 
IDUM1=1+12 
IDUM2=2+12 
IDUM3=3+12 
Nl(Il)=P(IDUMl)+I3 
NZ(Il)=P(IDUM2)+13 
N3(11)=P(IDUM3)+13 
Nl( Il)=Q( IDUMl)+I3 
N2(11)=Q(IDUM2)+13 
N3(Il)=Q(IDUM3)+13 
Il=K+4*(J-1)+(2*(1-1)+l)*NR 
3 CONTINUE 
DO 4 I=l,NE 
IYl=(Nl(I)-l)/(LS+l) 
X1=(N1(I)-IY1*(LS+l))-l 
IY2=(N2(I)-l)/(LS+l) 
X2=(N2(I)-IY2*(LS+l))-l 
IY3=(N3(1)-1)/(LS+l) 
X3=(N3(I)-IY3*(LS+l))-l 
Y 1=IY 1 
Y2=IY2 
Y3=IY3 
B(l,l,I)=Y2-Y3 
B(1,3,I)=Y3-Y1 
B(l,S,I)=Yl-Y2 
B(2,2,I)=X3-X2 
B(2,4,I)=Xl-X3 
B(2,6,I)=X2-X1 
B(3,l,I)=B(2,2,1) 
B(3,2,I)=B(l,l,I) 
B(3,3,I)=B(2,4,I) 
B(3,4,1)=B(1,3,1) 
B(3,5,1)=B(2,6,1) 
B(3,6,1)=B(1,5,1) 
AR2(I)=X2*Y3+X3*Y1+X1*Y2-X2*Yl-X3*Y2-X1*Y3 
NS(l,I)=Nl(I)*2-1 
NS(2,I)=Nl(I)*2 
NS(3,I)=N2(1)*2-1 
NS(4,I)=N2(1)*2 
NS(S,I)=N3(1)*2-1 
NS(6,I)=N3(1)*2 
WRITE (11,6) I,AR2(1) 
WRITE ( 11,7) NS( 1, I) ,NS(2, I) ,NS( 3, I) ,NS(4, I) ,NS(5,1) ,NS(6,I> 
DO 9 J=1,3 
DO 9 K=1,6 
WRITE (11,8) B(J,K,I) 
6 FORMAT (I4,F10.4) 
7 FORMAT (614) 
8 FORMAT (E12.6) 
9 CONTINUE 
4 CONTINUE 
STOP 
END 
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COMBINED MONTE CARLO FINITE ELEMENT STRESS ANALYSIS (MCFET) 
THIS VERSION OF THE CODE INCLUDES RANDOM THERMAL EFFECTS 
THIS VERSION ALSO INCLUDES SURFACE ENERGY EFFECTS 
MAXIMUM SIZE OF MONTE CARLO GRID 25x25 (MGRID DATA) 
STRESS ANALYSIS DONE ON A 6x6 FINITE ELEMENT GRID (FGRID DATA) 
98 GLOBAL DEGREES OF FREEDOM (NP) 
72 TRIANGULAR SIMPLEX ELEMENTS (NE) 
BANDWIDTH=18 (NBW) 
INPUT DATA 
DOUBLE PRECISION DSEED 
INTEGER R,C,RO,CO,Rl,Cl,RN,CN,RS,CS,E 
INTEGER M(6,6),MGRID(25,25),NPHAS(72),NS(6,72) 
REAL GF(98),GU(98),GSM(98,98),AR2(72),RN3(3) 
REAL B( 3,6,72), D( 3,3,2), CM( 6,3), ESM( 6,6) , EF( 61, STRA( 31, STRE( 3) 
TIM=O. 0 
-1.0 
NP=9 8 
NE=72 
NBW=18 
NMCS=O 
CALL ERRSET (207,0,-1) 
CALL ERRSET (208,0,-1) 
CALL ERRSET (209,0,-1) 
PRINT *,'UNIT LENGTH' 
READ *,UL 
PRINT *,'TEMPERATURE (O=COLD TO l=HOT)' 
READ *,TEMP 
PRINT *,'SURFACE ENERGY OF INTERFACE' 
READ *,SURFE 
PRINT *, 'DSEED, ITERATIONS' 
READ *,DSEED,ITER 
PRINT *,' YLOAD, EPHAS1, SIZE OF MONTE CARLO GRID' 
READ *,YLOAD,EPHASl,NLS 
PRINT *,'Dl, D2, D3 FOR PHASE 1' 
READ *,DlPl,D2Pl,D3Pl 
PRINT *,'Dl, D2, D 3  FOR PHASE 2' 
READ *,DlPZ,D2P2,D3P2 
EPHASZ=-EPHASl 
WRITE (12,62) YLOAD,DSEED 
WRITE (12,63) DlPl,D2Pl,D3Pl,EPHASl 
WRITE (12,63) DlPZ,DZPZ,D3P2,EPHAS2 
WRITE (12,64) TEMP,SURFE,UL 
62 FORMAT (2E12.6) 
63 FORMAT (3E12.6,E12.6) 
64 FORMAT (3E12.6) 
YLOAD=YLOAD*UL 
C INPUT MGRID DATA 
DO 10 R=l,NLS 
DO 10 C=l,NLS 
READ (10,15) IDUM,JDUM,MGRID(R,C) 
WRITE (12,15) IDUM,JDUM,MGRID(R,C) 
15 FORMAT (314) 
[ MCF02701 
[MCF0290] 
[ MCF03 101 
[MCF0330] 
[MCF0350] 
[ MCF03701 
[ MCF03901 
10 
C 
25 
35 
45 
30 
20 
C 
C 
C 
C 
C 
11 
CONTINUE 
INPUT FGRID DATA 
DO 20 I=l,NE 
READ (11,25) IDUM,AR2(I) 
READ ( 11,35) NS( 1, I), NS( 2, I), NS( 3, I) ,NS(4, I), NS(5, I) ,NS(6,I) 
DO 30 J=1,3 
DO 30 K=1,6 
READ (11,45) B(J,K,I) 
FORMAT (14,F10.4) 
FORMAT (614) 
FORMAT (E12.6) 
CONTINUE 
CONTINUE 
CONSTRUCT MATERIALS PROPERTY MATRIX 
D( 1, l,l)=DlPl*UL 
D(Z,Z,l)=DlPl*UL 
D(3,3,1)=D3Pl*UL 
D( 1,2,1)=D2Pl*UL 
D(Z,l,l)=DZPl*UL 
D( 1,3,1)=0.0 
D(3,1,1)=0.0 
D(2,3,1)=0.0 
D(3,2,1)=0.0 
D(l,1,2)=DlPZ*UL 
D(Z,Z,Z)=DlPZ*UL 
D(3,3,2)=D3PZ*UL 
D(1,2,2)=DZPZ*UL 
D(2,1,2)=DZPZ*UL 
D( 1,3,2)=0.0 
D(3,1,2)=0.0 
D(2,3,2)=0.0 
D(3,2,2)=0.0 
MAIN CONTROL LOOP 
SITE AND EXCHANGE SELECTION 
IF (NMCS .GE. ITER) GO TO 21 
CALL GGUBS(DSEED,3,RN3) 
RO=INT(RN3(1)*NLS+l) 
CO=INT(RN3(2)*NLS+l) 
E=INT(RN3(3)*8+1) 
TIM=TIM+l 
R l=RO 
c l=CO 
IF (E .EQ. 1 .OR. E .EQ. 5 .OR. E .EQ. 8) Cl=CO+l 
IF (E .EQ. 6 .OR. E .EQ. 3 .OR. E .EQ. 7) Cl=C0-1 
IF (E .EQ. 6 .OR. E .EQ. 2 .OR. E .EQ. 5 )  Rl=RO+l 
IF (E .EQ. 7 .OR. E .EQ. 4 .OR. E .EQ. 8) Rl=RO-1 
IF (R1 .GT. NLS) Rl=Rl-NLS 
IF (R1 .LT. 1) Rl=Rl+NLS 
IF (Cl .GT. NLS) Cl=Cl-NLS 
IF (C1 .LT. 1) Cl=Cl+NLS 
IF (MGRID(R0,CO) .EQ. MGRID(R1,Cl)) GO TO 11 
I 16  
NMcs=NMcs+ 1 
IF (E .EQ. 1 .OR. E .EQ. 5 )  THEN 
C CONSTRUCT M ARRAY BEFORE EXCHANGE 
RS=3 -RO 
CS=3-C0 
END IF 
IF (E .EQ. 2 .OR. E .EQ. 6) THEN 
RSz3-RO 
CS=4-C0 
END IF 
IF (E .EQ. 3 .OR. E .EQ. 7 )  THEN 
RS=4-RO 
cs=4 -co 
END IF 
IF (E .EQ. 4 .OR. E .EQ. 8 )  THEN 
RS=4-RO 
CS=3-C0 
END IF 
DO 40 R=6,1,-1 
DO 40 C=1,6 
RN=R-RS 
CN=C -CS 
IF (RN .GT. NLS) RN=RN-NLS 
IF (CN .GT. NLS) CN=CN-NLS 
IF (RN .LT. 1) RN=RN+NLS 
IF (CN .LT. 1) CN=CN+NLS 
M(R,C)=MGRID(RN,CN) 
DO 5 0  R=1,6 
DO 5 0  C=1,6 
NPHAS(2*IDUM)=M(R,C) 
40 CONTINUE 
IDUM=6*R+C-6 
NPHAS(2*IDUM-l)=M(R,C) 
5 0  CONTINUE 
C SURFACE AREA BEFORE EXCHANGE 
SURFO=O 
DO 59 I=3,4 
DO 59 J=2,4 
IF (M(1,J) .EQ.  M(I,J+l)) SURFO=SURFO+l 
IF (M(J,I) .EQ. M(J+l,I)) SURFO=SURFO+l 
59 CONTINUE 
SURFO=12-SURFO 
PATH= 1 
TMSE=O. 0 
GO TO 31 
C CONSTRUCT M ARRAY AFTER EXCHANGE 
41 TMSEO=TMSE 
PATH=2 
TMSE=O -0 
IF (E .EQ. 1) THEN 
MO=M( 3,3) 
M(3,3)=M(3,4) 
M( 3,4)=MO 
END IF 
17 
IF (E .EQ. 2) THEN 
MO=M ( 3,4 ) 
M(3,4)=M(4,4) 
M(4,4)=MO 
END IF 
IF (E .EQ. 3) THEN 
MO=M( 4,4) 
M(4,4)=M(4,3) 
M( 4,3)=MO 
END IF 
IF (E .EQ. 4) THEN 
MO=M(4,3) 
M(4,3)=M(3,3) 
M( 3,3)=MO 
END IF 
IF (E .EQ. 5 .OR. E .EQ. 7) THEN 
MO=M( 3,3) 
M(3,3)=M(4,4) 
M( 4,4)=MO 
END IF 
IF (E .EQ. 6 .OR. E .EQ. 8 )  THEN 
MO=M ( 3,4 ) 
M(3,4)=M(4,3) 
M( 4,3)=MO 
END IF 
DO 60 R=1,6 
DO 60 C=1,6 
IDUM=6*R+C-6 
NPHAS(2*IDUM)=M(R,C) 
NPHAS(2*IDUM-l)=M(R,C) 
60 CONTINUE 
C SURFACE AREA AFTER EXCHANGE 
SURFN=O 
DO 6 9  I=3,4 
DO 69 J=2,4 
IF (M(1,J) .EQ. M(I,J+l)) SURFN=SURFN+l 
IF (M(J,I) .EQ. M(J+l,I)) SURFN=SURFN+l 
69 CONTINUE 
SURFN=12-SURFN 
GO TO 31 
C COMPARE ENERGY BEFORE AND AFTER EXCHANGE 
51 TMSEN=TMSE 
ECHANGzTMSEN-TMSEO+(SURFN-SURFO)*SUWE 
NEX=O 
PROBK'PO.5*(l.O-TA"(ECHANG/(2.O*TEMP))) 
CALL GGUBS(DSEED,l,RN3) 
IF (RN3(1) .LE. PROBKT) THEN 
NEx= 1 
MO=MGRID(RO,CO) 
MGRID(RO,CO)=MGRID(Rl,Cl) 
MGRID(Rl,Cl)=MO 
END IF 
WRITE (12,65) NMCS,RO,CO,Rl,Cl,NEX,ECHANG,TIM 
65 FORMAT (16,514,2E12.6) 
18 
MECHANICAL ENERGY CALCULATION 
C 
C 
C 
C 
31 
80 
70 
C 
100 
C 
120 
130 
110 
C 
140 
90 
C 
CONSTRUCT STIFFNESS MATRIX AND FORCE MATRIX 
DO 70 I=l,NP 
DO 80 J=l,NP 
GSM( I, J)=O. 0 
CONTINUE 
GF( I)=O. 0 
CONTINUE 
DO 90 KK=l,NE 
IF (NPHAS(KK) .EQ. 1) THEN 
ELSE 
END IF 
CALCULATE CM=BT X D 
DO 100 I=1,6 
DO 100 J=1,3 
CM(I,J)=O.O 
DO 100 K=1,3 
CM(I,J)=CM(I,J)+B(K,I,KK)*D(K,J,NPHAS(KK)) 
CONTINUE 
MATRIX MULTIPLICATION TO OBTAIN ESM AND EF 
DO 110 I=1,6 
SUMl=O. 0 
DO 120 K=1,2 
SUMl=SUMl+CM(I,K)*ET 
CONTINUE 
DO 110 J=1,6 
suM=o. 0 
DO 130 K=1,3 
SUM=SUM+CM(I,K)*B(K,J,KK) 
CONTINUE 
ESM(I,J)=SUM*T/(2.O*AR2(KK)) 
EF(I)=SUMl*T/2.0 
CONTINUE 
INSERT ELEMENT MATRIX INTO GLOBAL MATRIX 
DO 140 I=1,6 
II=NS(I,KK) 
GF(II)=GF(II)+EF(I) 
DO 140 J=1,6 
JJ=NS(J,KK) 
GSM(II,JJ)=GSM(II,JJ)+ESM(I,J) 
CONTINUE 
CONTINUE 
ENFORCE BOUNDARY CONDITIONS 
DO 260 1=49,51 
IB=I 
IF (I .EQ. 51) IB=63 
BV=O . 0 
GSMO=GSM(IB,IB) 
DO 270 J=l,NP 
EFEPHAS 1 
E P E  PHAS 2 
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I 270 
260 
C 
150 
C 
180 
170 
160 
C 
200 
190 
C 
220 
GSM(IB,J)=O.O 
GSM(J,IB)=O.O 
CONTINUE 
GF(IB)=O.O 
GSM(IB,IB)=GSMO 
CONTINUE 
APPLY BOUNDARY LOADS 
DO 150 I=1,7 
IYL=2*I 
IW=2*(42+1) 
GF( IYL)=GF( IYL) -YLOAD 
GF(IW)=GF(IW)+YLOAD 
CONTINUE 
TRIANGULARIZE SYSTEM OF LINEAR EQUATIONS 
DO 160 N=l,NP-l 
NFIN=N+NBW-l 
IF (NFIN .GT. NP) NFIN=NP 
DO 170 I=N+l,NFIN 
RM=GSM(I,N)/GSM(N,N) 
DO 180 J=N+l,NFIN 
GSM(I,J)=GSM(I,J)-GSM(N,J)*RM 
CONTINUE 
GF(I)=GF(I)-GF(N)*RM 
CONTINUE 
CONTINUE 
SOLVE LINEAR SYSTEM OF EQUATIONS BY BACKWARD SUBSTITUION 
GU(NP)=GF(NP)/GSM(NP,NP) 
DO 190 I=NP-1,1,-1 
SUM=O. 0 
NFIN=I+NBW-1 
IF  (NFIN .GT. NP) NFIN=NP 
DO 200 J=I+l,NFIN 
SUM=SUM+GSM(I,J)*GU(J) 
CONTINUE 
GU(I)=(GF(I)-SvM)/GSM(I,I) 
CONTINUE 
CALCULATE STRESS AND STRAIN 
DO 210 N=l,NE 
DO 220 I=1,3 
DO 220 K=1,6 
STRA( I )=STRA( I )+B( I ,K,N)*GU( NS( K,N) ) /AR2(N) 
CONTINUE 
DO 230 I=1,3 
IF (NPHAS(N) .EQ. 1) THEN 
EPEPHAS 1 
ELSE 
EPEPHAS2 
END IF 
IF (I .EQ. 3) E'PO.0 
STRE( I)=O. 0 
DO 230 K=1,3 
STRA( I)=O. 0 
20 
230 
C 
240 
2 10 
C 
250 
C 
STHE(  I )=STHE( I)+D( 1 ,K,Nl'IIAS(N))*( STRA(K) -El') 
CONT I NUL 
CALCULATE STRAIN ENERGY 
sTE=o . 0 
DO 240 I=1,3 
IF (NPHAS(N) .EQ. 1) THEN 
ET=EPHAS 1 
ELSE 
EPEPHAS2 
END IF 
IF (I .EQ. 3) EFO.0 
STE=STE+STRE( I)*(STRA( I)-ET) 
CONTINUE 
CONTINUE 
CALCULATE POTENTIAL ENERGY OF APPLIED LOADS 
SUMPU=O . 0 
DO 250 I=1,7 
IYL=2*I 
IW=2*(42+1) 
SUMPU=SUMPU+YLOAD*(GU(IYU)-GU(1YL)) 
CONTINUE 
CALCULATE TOTAL MECHANICAL ENERGY AND RETURN TO CONTROL LOOP 
TMSE=TMSE/4-SUMPU 
IF (PATH .EQ. 1) GO TO 41 
IF (PATH .EQ. 2) GO TO 51 
OUTPUT FINAL GRID TO SCREEN AND FILE 
PRINT *,'CHANGE ITER (l=YES O=NO)' 
READ *,IDUMl 
PRINT *,'GRID @ NMCS=',NMCS 
PRINT *, 'TIME=' ,TIM/(NLS*NLS) 
DO 280 R=NLS,1,-1 
WRITE (6,55) (MGRID(R,C),C=I,NLS) 
FORMAT (2413) 
CONTINUE 
IF (IDUM1 .EQ. 0) GO TO 520 
PRINT *,'ITER=',ITER 
PRINT *,'NEW VALUE FOR ITER' 
READ *, ITER 
GO TO 11 
DO 500 I=l,NLS 
DO 500 J=l,NLS 
WRITE (13,510) I,J,MGRID(I,J) 
FORMAT (314) 
CONTINUE 
STOP 
END 
TMSE-"TP1SE+STE*AR2(N) 
C 
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[ MCF35001 
55 
280 
[ MCF36001 
520 
5 10 
500 
2 1  
C 
62 
63 
64 
20 
10 
40 
30 
70 
60 
110 
I 100 
I 130 
I 120 
PLAYBACK 
INTEGER MGRID(25,25) 
INTEGER R,C,RO,CO,Rl,Cl 
PRINT *,'ITERATIONS, SIZE OF GRID' 
READ *,ITER,NGS 
READ (12,62) YLOAD,DSEED 
WRITE (6,62) DSEED,YLOAD 
FORMAT (2E12.6) 
READ (12,63) DlPl,D2Pl,D3Pl,EPHASl 
WRITE (6,63) DlPl,D2Pl,D3Pl,EPHASl 
READ (12,63) DlP2,D2P2,D3P2,EPHAS2 
WRITE (6,63) DlP2,D2P2,D3P2,EPHAS2 
FORMAT (3E12.6,E12.6) 
READ (12,64) TEMP,SURFE,UL 
WRITE (6,64) TEMP,SURFE,UL 
FORMAT (3E12.6) 
DO 10 R=l,NGS 
DO 10 C=l,NGS 
READ (12,20) IDUM,JDUM,MGRID(R,C) 
FORMAT (314) 
CONTINUE 
DO 30 R=NGS,1,-1 
WRITE (6,40) (MGRID(R,C),C=l,NGS) 
FORMAT (2413) 
CONTINUE 
READ (12,60) NMCS,RO,CO,Rl,Cl,NEX,ECHANG,TIM 
FORMAT (16,514,2E12.6) 
IF (NEX .EQ. 0) GO TO 130 
MO=MGRID(RO,CO) 
MGRID(RO,CO)=MGRID(Rl,Cl) 
MGRID(Rl,Cl)=MO 
PRINT *, 'NMCS=' ,NMCS, 'E CHANGE=' ,ECHANG, 'TIME=' ,TIM 
DO 100 R=NGS,1,-1 
WRITE (6,110) (MGRID(R,C),C=l,NGS) 
FORMAT (2413) 
CONTINUE 
IF (NMCS .GE. ITER) GO TO 120 
IF (NEX .EQ. 0) GO TO 70 
GO TO 70 
STOP 
END 
[ 11PIJ0050] 
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FIGURE 1. - GLOBAL NUMBERING SCHEME USED TO IDENTIFY INDIV IDUAL 
M N T E  CARLO E L E R N T S .  
TION. TWO PHASE VICROSTRUCTURE. 
GRID T Y P I F I E S  THAT OF A LOU VOLUplE FRAC- 
GLOBAL GRID 
LOCAL MONTE CARLO GRID F I N I T E  ELEMENT GRID 
FIGURE 2. - LOCAL MONTE CARLO GRID GENERATED FROM GLOBAL GRID, F I G -  
URE 1. NOTE CENTRAL LOCATION OF EXCHANGE PAIR  P-M. E [7. 121 
AND E [8. 111 OF GLOBAL GRID. ALSO SHOWN IS F I N I T E  ELEMENT GRID 
COMPOSED OF 2D SIMPLEX TRIANGLES. 
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FIGURE 3.  - LOGIC USED TO BUILD LOCAL MONTE CARLO GRID FROM GLOBAL 
GRID GIVEN S I T E  0 AND AN EXCHANGE TYPE, 1 THRU 8. 
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FIGURE 4. - RANDOM WALK EXPERIRENT FOR A SINGLE ELEMENT PARTICLE. 
THE NUMBER OF EXCHANGES. N, INVOLVING THE PRECIPITATE FOR EACH 
OF THE 36 LATTICE S I T E S  APPEARS TO SHOW THERE IS NO POSITIONAL 
BIAS.  
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FIGURE 5. - ELEMENT INTERACTION ANALYSIS. NOTE THERE IS AN 
ATTRACTIVE FORCE BETWEEN THE TWO ELEMENTS. FURTHER. ELE- 
MENT COALESCENCE PRODUCES THE GREATEST ENERGY CHANGE. 
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FIGURE 6. - VARIATION OF INITIAL STRAIN ENERGIES. E", AND CHANGE IN 
STRAIN ENERGIES, A E ~ ,  ASSOCIATED WITH THE INTERCHANGE OF SITES P 
AND fl AS A FUNCTION OF THE FINITE ELEMENT GRID SIZE. N. 
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FIGURE 7. - COMPARISON OF FINITE ELEMENT ANALYSIS, FET. WITH 
PINEAU'S MAP, BASED ON ESHELBY ANALYSIS, FOR STRESS INDUCED 
SHAPE CHANGES OF A SINGLE PARTICLE, (A). SHAPE EVOLUTION 
OBSERVED IN MCFET SIMULATIONS OF SINGLE PARTICLE ANALYSIS, ( B ) .  
26 
U 
t t t 
Ir2x2 PARTICLE 
c c c 
INITIAL 12x12 MONTE CARLO GRID 
o RECTANGLE I u AXIS 8 = -0.1% 
EP/EM = 0.8 0 NO CHANGE 0 RECTANGLE 11 0 AXIS 
3 0 0 0 0 0 0 0 0 0 0 0  
415 Q 0 0 0 0 0 0 0 0 0 0 0 
10 8t . l k  -1E8 1E8 
0. PA 
tU/6En = -1 
FIGURE 8. - EFFECT OF INTERPARTICLE SEPARATION, Rp, ON PARTICLE SHAPE 
AS A FUNCTION OF APPLIED STRESS. 0. 
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FIGURE 9. - SCALING OF THE THERMAL ENERGY TERM. (A) AS KT 
IS INCREASED THERE IS A GREATER TENDENCY FOR THE PART- 
ICLE TO BREAK UP. 
(H/W CONTINUALLY CHANGES. 
(B) AT KT = 2x10-’ THE PARTICLE SHAPE 
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FIGURE 10. - CHANGING THE LENGTH UNIT DRAMATICALLY ALTERS 
THE IRORTANCE OF SURFACE ENERGY BY CHANGING THE SURFACE 
AREA TO VOLUME RATIO. SMALLER PARTICLES (DECREASING UNIT 
LENGTH) HAVE WORE TENDANCE TO BREAK UP, I . E . .  THEY TEND 
TO DISSOLVE WORE READILY. 
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FIGURE 11. - EFFECT OF APPLIED STRESS ON PARTICLE ASPECT 
RATIO. A,. 
TO WIDTH RATIO OF THE SINGLE PARTICLE. WHEN N p > l .  THE 
ASPECT RATIO IS AN AVERAGED HEIGHT TO WIDTH RATIO OF ALL 
PARTICLES. I N  THIS ANALYSIS. AN H/W RATIO GREATER THAN 
1 CORRESPONDS TO PARTICLE ELONGATION PARALLEL TO THE 
APPLIED STRESS AXIS. 
WHEN Np = 1 THE ASPECT RATIO IS THE HEIGHT 
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FIGURE 12. - EFFECT OF APPLIED STRESS ON A flULTI-PARTICLE MICROSTRUCTURE. 
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